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This article is the first one in a series of three. It contains concurrency results for sets of
linear mappings of R with few compositions and/or small image sets. The fine structure of such
sets of mappings will be described in part IT [3]. Those structure theorems can be considered as
a first attempt to find Freiman—Ruzsa type results for a non-Abelian group. Part III [4] contains
some geometric applications.

0. Introduction

Combinatorial problems on incidences of point sets and straight lines have been
studied since Jackson [9] and Sylvester [13, 14, 15, 16]. Much later Gallai found
the first combinatorial distinction between Euclidean and finite geometries in [7],
see also Beck [2] and Szemerédi-Trotter [18].

The goal of this paper (actually the goal of the sequence of articles of which
this one is the first member) is to prove structure theorems specific to Euclidean
geometry — i.e., some which do not hold true within finite planes.

In this Part I, an algebraic approach is taken. We study straight lines as linear
real functions and find weak structures under various assumptions — typically large
concurrent or parallel subsets. (As usual, it is the hard part to find any structure;
the deeper structure comes easier then.)

In part II [3], the results of this part I are utilized and stronger structure
theorems are deduced — generalizing some results of Freiman and Ruzsa to the
non-Abelian group of linear functions with composition as the group operation.

Finally, part III [4] is pure geometry. Distorted grids, incidences and sets which
determine few directions are mentioned there.
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1. Composition sets and concurrency.

Throughout this paper £ will denote the set of non-constant linear functions
x—ax+b (a#£0), i.e., the non-degenerate affine mappings of R.

We shall use the following (probably standard) notation: if O is an arbitrary
operation of two variables, and A, B are arbitrary sets, then we put

AOB={a0b; ac A, be B}

Finite sets of linear mappings will usually be denoted by ® or ¥; the operation of
our main concern is the composition ¢o1.

The problem we address is the following: what is the structure of ® and ¥ if
Wod is not too big as compared to  and ¥?

Question 1. What structure can @ and ¥ have if ®,¥ CZ, |®|=|¥|=n and, say,
W o ®| < 1000n?
(Of course, any positive constant C' could be considered in place of 1000 above.)

In what follows, we call $o® a composition set.

The motivations to this problem are twofold. On the one hand, some purely
geometric investigations (see part II [4]) require the solution to problems like this.
On the other hand, Question 1 is a close relative of some results in combinatorial
number theory. We give some details of the latter aspect first.

Freiman [5, 6] and Ruzsa {11, 12] studied subsets of R, for which
|A+B|<Cn

where |[A|=|B|=n.
They described the structure of A and B in terms of some natural generaliza-

tions of arithmetic progressions (see also part II 3] for more details). Their results
extend to any torsion-free Abelian group.

However, the operation of composing two mappings does not commute in
general. That is why we shall rather consider two, essentially different types of
composition sets:

(a) asymmetric ones (like those above); and
(b) symmetric ones, like Do T UPo P,

Question 2. (Symmetric composition sets) What is the structure of ® and ¥ if
|® o WU Do ¥| < 1000n
for some ®,¥ C£L with |®|=|¥|=n?

It is worth to note that the symmetric assumption of Question 2 is, indeed,
stronger than that of Question 1, as demonstrated by some examples in part IT [3].
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As a matter of fact, Questions 1-2 can be considered as attempts to finding

Freiman-Ruzsa type structure theorems for the non-Abelian group £ with operation

1]
o,

The goal of this first part is to find a certain (weak) structure; i.e., we shall
show here that many of the ® and ¥ must be concurrent or parallel. Their finer
structure will be described later on in part II [3].

Theorem 1. For every C' >0 there is a ¢*=c¢*(C) >0 with the following property.
Assume that
|®o¥| < Cn

for some ®,¥ C£ with |®],|¥|>n. Then ® and ¥ contain some ®* C & and ¥*C ¥
with [®*|,[¥*|>c*n, for which

(i) either both ®* and U* consist of parallel lines;

(ii) or both ®* and U* consist of concurrent lines.

2. A symmetric statistical lemma

Actually, we shall prove a so-called “statistical” generalization of Theorem 1
(see Theorem 3 in Section 4). The notion of “statistical” results originates from
Balogh and Szemerédi [1], who extended the theorems of Freiman and Ruzsa [6, 12]
by relaxing the assumption that all pairwise sums must be taken into account, and

just considered the sums of some cn? pairs (a,b). Later on Laczkovich and Ruzsa
[10] proved an even stronger statement of this type.

2.1. Statistical composition sets.

Definition 1. For EC A X B and any operation [, define

ADpB = {ab; (a,b) S E}

Also, with a small abuse of notation, we will write BOg A for {a(Jb; (a,b)€ E}.

Lemma 2. (Main Lemma) For every C > 0 there is a ¢* = ¢*(C) > 0 with the

following property. Let ®,¥ C¥ withn<|®|,|¥|<Cn and EC®x ¥ with |E|>n2.
Assume, moreover, that

l@OE‘IfU(I)OE\Ifl < Cn.
Then there exist ®* C® and UV* C ¥ with

1) [(&* x ¥¥) N E| > c¢*n?,

for which
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(i) either both ®* and U* consist of parallel bundles;

(i1} or both ®* and ¥* consist of concurrent bundles (with common points (a,b),
and (b,a), respectively).

Remark 3. Note that (1) implies

*k

[®*],|9*| > n=c"n.

C*
o
The proof of the above Main Lemma can be found in Section 2.3.

2.2, Commutator pairs and commutator graphs.

Since we are studying a non-Abelian group (i.e., £), it is quite natural to define
some notions that can be considered as relatives of the usual commutators.

Definition 4. For ¢,% €, the pair (¢op,pod) is called the commutator pair defined
by ¢ and .

Remark 5. Of course, the two terms of a commutator pair are identical if {(and only
if} ¢ and + commute.

Definition 6. For ®,¥ C¥£ and EC ® x ¥, the commutator graph Gp(V,E) defined
by E has edge set E which consists of the corresponding commutator pairs, i.e.,

V:@oE\IlufboE‘I!; and
E={(¢goy,v09); ($,¥) € E}.

Remark 7. Though E may be considered as a directed graph on @ UV, the edge
set E of the commutator graph will always be undirected.
Remark 8. Again, it is worth to note that an edge (do,9 0 @) is a self-loop iff ¢
and 7 commute.

The following lemma will imply that the Main Lemma (Lemma 2) is true under

the additional assumption that the intersection points of pairs of lines (q&,zb_l) for
which {¢,9) € E, are all distinct (including that $#£1p~1 for these pairs).

Lemma 9. (Commutator Lemma) For every C' >0 there is a ¢* =c*(C) >0 with the

following property. Let ®, ¥ C£ withn<|®|,|¥|<Cn and EC®x¥ with |E|>n.
Also assume that [®op VU S og ¥| < Cn. If, moreover, the intersection points

SN T ={onyt; (4,9) € E}
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are all distinct (including that ¢#v~" for (¢,9) € E), then there exists an E*CE
with |E*|>c*n? for which
(i) the graph (dU¥, E*) consists of one non-empty connected component (leaving,
perhaps, some points of ®UV isolated); and
(i) the commutator subgraph G%. (V*, E*) defined by E* is contained in one con-

nected component of the original “big” commutator graph G E(V,E) defined
by E.

Throughout the proof we shall use the following simple observation a couple
of times.

Proposition 10. (Folklore) Let 0<cg<1/2. If an undirected graph with at most N

vertices has at least cgN? distinct edges, then it has a connected component with
at least (c3/2)N? edges. 1

Proof of the Commutator Lemma (Lemma 9). Without loss of generality we can
assume C > 2.

1. First we observe that if the intersection points <I>ﬂ g P! are all distinct, then
G E(V E) contains no multiple edges.
Indeed, if u is the fixed point of ¥;0¢; while v is the fixed point of ¢;0t;, then

¢iﬂ¢j_1 =(u,v). These pairs are, therefore, all distinct.

2. Using Proposition 10 for E‘, N =Cnand ¢g =1 /02, we get a connected
Hy(V',E'yC G such that

1
——-—N2 n2.

/
|E =204 202

3. Define Ho(® UV, F) to be the (bipartite) graph with edge set
F={($,9) €E;(¢o¢,9o¢) € £}
4. Apply Proposition 10 again to N =2Cn and c¢y=1/(8C*) and get the desired

E*CF with |{E*|> N® = n’ =c*n2.
=3(80%)2 ~ 32¢°

2.3. Proof of Lemma 2

First, as a consequence of the Commutator Lemma (Lemma 9), we show that
if a symmetric composition set is small, then the lines in ® can only have many

distinct intersection points with those in ¥~ if many of them are parallel. Then,
using a theorem of Beck, the proof of Lemma 2 can be completed easily.
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Lemma 11. For every C >0 there is a ¢* =¢*(C) >0 with the following property.
Let ®,0 C¥ with n<|®|,|¥|<Cn, EC®x ¥ with |E|>n? and

|(I)OE\I’U(I>OE\I/|§C7L.

Assume, moreover, that the intersection points (g V=1 are all distinct.

Then there exist ®* C ® and U* C ¥ with |(®* x ¥*)N E| > c*n? such that both
®* and W* consist of parallel lines.

Proof. Use the Commutator Lemma (Lemma 9) and denote by ®* and ¥* the
endpoints of the edges of E* in ® and ¥, respectively. We show that both ®* and
U* consist of paralle] lines,

First observe that the leading coefficients (i.e., slopes) of a commutator pair
(poip, o) are equal. Therefore all linear functions represented by the vertices
of a connected component of the commutator graph have identical slopes. As

; T (V*,E*} ts part of such a component, its vertices represent linear functions
with common slope, say, a. Thus for every pair (¢,¢) € E*,

(slope ¢) - (slope ¥) = a.
Hence all the ¢, as well as the ¥ of the component determined by E* are parallel.

Now we state (a statistical version of the dual of) a beautiful but almost
forgotten result of Beck (see Theorem 3.1 in [2]).

Proposition 12. (Beck) Let ®,¥ C£ with |®|,|¥|<n and EC ®x V¥ with |E|>cn?.
Moreover, consider the (not necessarily distinct) intersection points ®( g ¥. Then

at least one of the following two assertions holds (perhaps both):

(a) some c'n? of these intersections coincide; or

(b) some ¢'n? are all distinct,

for a ¢ =c/(c), independent of n.

The proof of the dual of this sharper version — even for arbitrary, i.e., non-
bipartite graphs £ — proceeds on the same lines as Beck’s original proof, double-
counting the pasrs from E incident upon each line and using a theorem of Szemerédi
and Trotter (Theorem 2 in [18]) in place of Beck’s main tool Theorem 1.5. 1

Remark 13.
1. Case (a) above implies that at least c'n of the ® and ¢/n of the W pass through
one common point.

2. The statement is false for finite planes. Actually, Beck’s Theorem is one of the
first combinatorial distinctions between Fuclidean and finite geometries.

Proof of Lemma 2. Apply Proposition 12 for ® and U~!. Case (a) — together with
the above Remark — implies case (ii) of Lemma 2. Otherwise use Lemma 11. 1
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3. Image sets and concurrency

In this section we study image sets and prove a theoremn (Theorem 2) which,
while it may be of some interest also on its own right, will play a key role in proving
Theorem 1.

3.1. Image sets

Definition 14. For H CR and ® C ¥, we put
®(H)={¢(h); ¢ € P, h e H}

and call it an image set.
Similarly, the statistical image set defined by ®, H and EC®x H is

p(H) ={¢(h); (¢,h) € E}.

Theorem 2. If |®|,|H|,|®p(H)| < Cn for some E C & x H with |E| > n? then
there exists a ®* C ® which consists of either all parallel or all concurrent lines and
|®*| >c*n.

The proof of this Theorem consists of two steps. First we give a purely graph-
theoretic lemma (Lemma 17) to start with. Using that, another lemma (Lemma 19)
is proven, which reduces the problem on image sets to one on composition sets.

3.2. The Graph Lemma.

Definition 15. An undirected graph G(V—,V°,V* E~ E¥) is double-bipartite if
its vertices consist of three classes V™, V? and V1 while each edge has one endpoint
in V0 and one in either V™~ or V*. The corresponding edge-sets are E~ and E7,
respectively. The degree of v; € VO in E~ resp. E* will be denoted by by d(v;")
resp. d(v;").

Definition 16. In an arbitrary graph two vertices are called t—neighborly, if they have
at least £ common neighbors. Similarly, in a double-bipartite graph, two vertices of

V0 are double-t-neighborly, if they are t-neighborly both in E~ and ET.

We shall show that in a double-bipartite graph with many edges, many pairs
of the vertices of V0 are double-highly-neighborly.

The following statement was born with Szemerédi’s Regularity Lemma [17]
in our mind and, as pointed out by V.T. Sés [19], it can really be proven using

that Lemma. However, we present another proof here, one that uses the so-called
“Cy—techniques”.
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a. A double-bipartite graph with a 2-path and a Cj.
b. A double-t-neighborly pair.

Lemma 17. (Graph Lemma) For every ¢,C >0 there is a ¢*=c*(¢,C) >0 with the

following property. Let G(V~,V9,V+ E~,ET) be a double-bipartite graph with
not more than CN vertices in each class. Assume that G satisfies the following two
requirements:

(i) d(v;")=d(v;") for each v;€ VY;
(ity |[E~|=]|Et|>cN2.
Then there exist ¢*N? double—c* N-neighborly pairs in V0.

Remark 18. Note that (ii) — without (i) — is insufficient even for forcing one
single double-1-neighborly pair; e.g. V™~ and VT might lie in separate connected
components of G.
Proof. We shall double—count the number of the Cy4-s (i.e. four—cycles) with two
“opposite” vertices in V? and one more in each of V=~ and V.

Throughout the proof we shall use the following simple facts for 7'>0:

k k
if Zt > T then th >k (T/k)? = T?/k; and similarly,
1 1
2 . N
t T/k T/(T
1 > > =—1|—— .
1f21:t_Tthen ;<2) _k( 5 > 5 (k 1)
To start with, we count the number of 2-paths from V'~ through VO to V+,
2
2 c
(3) # 2-paths = Z d?(v;) > (ch) JCN = ENB,

v;eVO

by (i), (ii) and (2), where d(v;) is the {common) value of d(vj):d(vi_ ). Every Cy4
of the required type consists of two 2-paths. Denote the number of such paths from
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v; € V™ to v]j' eVt by pjk- Of course, ) p;=# 2-paths > %NS by (3). Hence
the number of four—cycles to be counted is

40y =3 (P+) 5 L po
tT 2 )= 30t
ik
by (3) and (2) if N is large. Thus #Cy >/ N* for all N and a suitable ¢’ =c/(c,C) >
!
0. Now if ¢* = m, then at least ¢* N2 pairs of V? must be double—c* N—

neighborly. | |

3.3. The reduction lemma

The following assertion forms a sort of link between image sets and composition
sets.

Lemma 19. (Reduction Lemma) If H CR, ® C&£ and |®|,|H|,|®g(H)| < Cn for

some EC®x H with |E|>cn? then there exists an E* C®x &~ with |E*|>c*n?
such that

Do BLUD op 87| < C*n.
Proof. Define a double-bipartite graph as follows:
V0=, VT =H, VT =3og(H);
E™=E, E*={($,6(h)); (¢,h) € E}

Let ¢* be the value provided by the Graph Lemma (Lemma 17) and Ejy the set of

et (65,6710 (80,05) € Bo}.

The set of functions ® ogx @ LU P o« @1 all contain at least ¢*n points of
(Hx HYU(®p(H)x ®p(H))CR2,
Now the following (sub)lemma finishes the proof.

double-c*n-neighborly pairs with |Eg| > c*n?. Put E*

Lemma 20. For every ¢ >0 there is a C* = C*(c) > 0 with the following property.
If {P1,P,...} CR? is a set of M? or fewer points then at most C*M straight lines
can contain cM or more of the P;.

Proof. According to a theorem of Szemerédi and Trotter {Theorem 2 in [18]), for
every ¢ > 0 there is a C* = C*(c) > 0 such that of any T points, not more than

C* -T2/t lines can contain ¢ or more, if t>cy/T. Use this for T=M2, t=cM. 1
This completes the proof of Lemma 19. [ ]
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3.4. Proof of Theorem 1

Use the Reduction Lemma (Lemma 19) and then the Main Lemma (Lemma 2),
for ¥=9"1 and E=FE*.

4. Proof of Theorem 1

Actually, we are going to prove a more general statement, i.e., one under a
statistical assumption.

Theorem 3. For every C >0 there is a ¢* =c*(C) >0 with the following property.
Assume that n<|®|,|¥|<Cn and |®og ¥|<Cr for some &, C¥ and ECPx T

with |B|>cn?.

Then ® and ¥ contain some ®* C® and V* C U with
[(@* x U*)N E| > ¢*n?,

for which

(i) either both ®* and ¥* consist of parallel bundles;
(ii) or both ®* and U™ consist of concurrent bundles.

Proof. Our goal is to reduce this asymmetric problem to the already solved
symmetric case (Lemma 2). In order to do so, we use image sets and Theorem 2.

1. Without loss of generality, assume that the ¢ € @, as well as the ¢ € ¥, all have
degree at least en/(4C) in the graph (DU, E). (Otherwise keep on deleting
the “trash”; the choice of the constant ¢/(4C) makes it sure that you cannot
throw out everything.)

2. Pick a v € R which is “general with respect to ®7, i.e., the vertical line x=u
does not pass through the intersection of any pair ¢;,¢; € ®. (In other words,

the images of u under @ are all distinct.) Put

H = o({u}).

3. Define E' ={(¢,¢(u)) ; (¢,%) € E}, which is a subset of ¥ x H. As the ¢(u)
are all distinct, |E|=|E'| > cn?.

4. Observe that |V g (H)| < |¥op®|<Cn.

5. Use Theorem 2 to get a concurrent or parallel ¥* C ¥ with [¥*|>c*n.

6. By step 1, each ¢ € ¥* has degree ¢'n or more in (U, E), i.e., the graph
generated by ® and U* has at least ¢/c*n? =¢n? edges. Again, assume without
loss of generality that also the ¢ € ® have degree ¢'n/(4C) =c"'n or more in
the edge set (P x T*)NE.

7. Repeat steps 2-5 for U* 1o ® 1 = (do¥*)"! and get a &* 1 c @ ! ie, a
®* C® with |(&* x U¥)NE| > c**n?.
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8. We are left to show that it is impossible to have such a concurrent ®* together
with a parallel U* or vice versa.

Proposition 21. Assume that the ¢ € ® all pass through the point (u,v) while the
e W are all parallel of common slope, say, s#0. Then

|\IJ OoF (I)I = |E| s
i.e., the compositions are all distinct.

Proof. The situation can be thought of as a two—person game. The two players
agree upon some ¢; of type

¢ T si{z—u)tv

and some 1; of type
Y 1z ST+t

To start with, the first person picks a pair (7,7) and tells the other one the coeffi-
cients of the composition

Yjog; x5 si(z—u)+ sv+ij.

Now the second player must (and can) find out ¢ and j.

Indeed, it is easy to first determine ¢ (via s;) from the leading coeflicient. After
having done so, also ¢; and thus j can be found. |

9. This completes the proof of Theorem 3 and that of Theorem 1, as well. | |

Acknowledgments. The author wishes to thank V. T. Sés for all her help and
encouragements. Moreover, the comments and ideas of Z. Kiraly, L. A. Székely,
T. Szényi and M. Simonovits were very useful; not even the notion of “commutator
pairs” would have occurred to us without some remarks of Simonovits. Finally,
we are grateful to E. Makai for reading the first version of the manuscript very
carefully.

References

[1] ANTAL BALOG and ENDRE SZEMEREDI: A statistical theorem of set addition, Com-
binatorica, 14 (1994), 263-268.

[2] J6zsEF BECK: On the lattice property of the plane and some problems of Dirac,
Motzkin and Erd8s, Combinatorica, 3 (3—4) (1983), 281-297.

[3] GYdraYy ELEKES: On linear combinatorics II, Combinatorica, to appear.
[4] GYORGY ELEKES: On linear combinatorics 111, Combinatorica, to appear.

(5] GREGORY A. FREIMAN: Foundations of a Structural Theory of Set Addition (in
Russian), Kazan Gos. Ped. Inst., Kazan, 1966.



458

(6]

(7]

18]

9]

(10l

{11]

[12]

[13]

[14]

[15]

[16]

17

[18]

(19]

GYORGY ELEKES: ON LINEAR COMBINATORICS 1.

GREGORY A. FREIMAN: Foundations of a Structural Theory of Set Addition, Trans-
lation of Mathematical Monographs vol. 87, Amer. Math. Soc., Providence, R.I.,
USA, 1973.

TIBOR GALLAIL Solution of problem 4065, Am. Math. Monthly, 51 (1944), 169-171.

The Mathematics of Paul Erdds, Ron Graham and Jaroslav NeSetfil, eds., Springer,
1996. .

J. JACKSON: Rational Amusements for Winter Fvenings. Longman Hurst Rees Orme
and Brown, London, 1821.

MIKLOS LACZKOVICH and IMRE Z. RUzSA: The Number of Homothetic Subsets, In:
(8], 1996.

IMRE Z. RuzsA: Arithmetical progressions and sum sets. Technical Report 91-
51, DIMACS Center for Discrete Math. and Theoretical Comp. Sci., Rutgers
University, 1991.

IMRE Z. RUZsA: Generalized arithmetic progressions and sum sets, Acta Math. Sci.
Hung., 65 (1994), 379-388.

J. J. SYLVESTER: Problem 2473. Math. Questions from the Educational Times, 8
(1867), 106-107.

J. J. SYLVESTER. Problem 2572. Math. Questions from the Educational Times, 45
(1886), 127-128.

J. J. SYLVESTER: Problem 3019. Math. Questions from the Educational Times, 45
(1886), 134.

J. J. SYLVESTER: Problem 11851. Math. Questions from the Educational Times, 59
{1893), 98-99.

ENDRE SZEMEREDI: Regular partitions of graphs, Colloques Internationauz
C.N.R.S5.: Problémes Combinatoires et Théorie des Graphes, No 260:399-401,
1978.

ENDRE SZEMEREDI and W. T. TROTTER JR: Extremal problems in Discrete Geom-
etry, Combinatorica, 3 (3-4) (1983), 381-392.

VERA T. S6s: personal communication.

Gyorgy Elekes

Department of Computer Science

E6tvés University
Miizeum krt. 6-8.

H-1088 Budapest, Hungary
elekes@cs.elte.hu



